Abstract--We develop some extensions of the classical Bell polynomials, previously obtained, by introducing a further class of these polynomials called multidimensional Bell polynomials of higher order. They arise considering the derivatives of functions f in several variables ~(i), (i = 1, 2,..., m), where ~(i) are composite functions of different orders, i.e. ~(i) (t) = 6(<1) (6 (i,2) (... (q~(i,~) (t))), (i = l, 2,..., m). We show that these new polynomials are always expressible in terms of the ordinary Bell polynomials, by means of suitable recurrence relations or formal multinomial expansions. Moreover, we give a recurrence relation for their computation.
INTRODUCTION
The importance and utility of ordinary Bell [1] polynomials is well known in many different frameworks of mathematics. They are often used, for example, in combinatorial analysis [2] , and even in statistics [3] , but without explicit reference. Moreover, these polynomials have been applied even in other contexts, such as the Blissard problem (see [2, p. 46] ), the representation of Lucas polynomials of the first and second kind [4, 5] , the representation formulas of Newton sum rules for polynomials' zeros [6, 7] , the recurrence relations for a class of Freud-type polynomials [8] , and the representation of symmetric functions of a countable set of numbers, therefore, generalizing the classical algebraic Newton-Girard formulas [9] . Consequently, they were also used [10] in order to find reduction formulas for the orthogonal invariants of a strictly positive compact operator, deriving in a simple way, the so-called Robert formulas [11] .
We recall that the Bell polynomials are a classical mathematical tool for representing the n th derivative of a composite function. In fact, by considering the composite function 4)(t) := f(g(t)) of functions x = g(t) and y -f(x) defined in suitable intervals of the real axis and n times differentiable with respect to the relevant independent variables and by using the following notations, 
where the sum runs over all partitions re(n) of the integer n, i.e., n -Jl + 2j2 + ... + njn. In equation (1.2) , jh denotes the number of parts of size h, and j = jl + j2 + "'" + jn denotes the number of parts of the considered partition. A proof of the Fa5 di Bruno formula can be found in [2] . In [13] , the proof is based on the umbral calculus (see [14] and the references therein). Some generalized forms of Bell polynomials already appeared in literature (see e.g., [15] [16] [17] ). A generalization of the Bell polynomials suitable for the differentiation of multivariable composite functions can also be found in [18] .
In this article, after recalling in Section 2, the Bell polynomials of order r [17] and, in Section 3, the nmltidimensional Bell polynomials [18] , we generalize, in Section 4, both these extensions introducing the so-called multidimensional Bell polynomials of higher order which are suitable for representing the derivative of a composite function of several (say m) variables f(~(1) (t), qo (2) (t),..., 99 (m) (t)), where ~(':)(t) : (~(i,1)(q5(i,2)(...
¢(i,ri)(t))
), (i = 1, 2,..., m). For these polynomials, we will derive a representation formula in terms of the ordinary Bell polynomials and a recurrence relation.
Since we want to obtain a uniform notation for the Bell polynomials of order r, multidimensional Bell polynomials and multidimensional Bell polynomials of higher order, we use in this article some different notations with respect to those introduced in [17, 18] 
BELL POLYNOMIALS OF ORDER r
In [17] , a first extension of the classical Bell polynomials was achieved. Consider ~5(t) ::
) defined in suitable intervals of the real axis, and suppose that the functions 6(1,~),..., ¢(1,2), ¢(1,1), f are n times differentiable with respect to the relevant independent variables, so that by using the chain rule, ~5(t) can be differentiated n times with respect to t. We use the following notations, 1,1) ,
By putting, for every integer s (1 < s < r -1),
6)
where x = g(t), the composite function ~(t) :-f(¢(1,1)(... ((~(1,r)(t)))) can be written as follows,
Therefore, the following result holds true. 
MULTIDIMENSIONAL BELL POLYNOMIALS
In [18] , a further generalization of Bell polynomials was introduced by means of the so-called multidimensional ones, which we briefly recall here.
be a composite function of m variables x (~'1) = ¢(~,1)(t) (i = 1,..., m), defined in suitable intervals of real axis t. Moreover, suppose that the functions f and ¢(,,1) (i -1,..., m) are n times differentiable with respect to the relevant independent variables so that ~(t) can be differentiated n times with respect to t, by using the differentiation rule of multidimensional function. By using the following notations, 
(3.2)
Moreover, the following result holds true• 
where 
MULTIDIMENSIONAL BELL POLYNOMIALS

OF HIGHER ORDER
The results summarized in previously sections can be mixed in natural way, in this section, introducing the so-called multidimensional Bell polynomials of higher order. Let (I)(t) = f ((~ (1)(t) ,...,~(m)(t)) be a m-dimensional function depending oil the variables,
For these composite functions, we use the following notation,
The functions x (i'j) (i = 1,..., m and j = 1,..., r~) are defined in suitable intervals of the real axis; moreover, with the function f, are n times differentiable with respect to the relevant independent variables.
Therefore, we put ~h = Dht#~(t) and, for i = 1,...,m,
h :
By using the following compact notation,
""' .... 
. )]l]im) .
We proceed by induction. It is easy to verify that for n --i, the right-hand sides of (4.4) At last, a similar remark can be done for the recurrence relations (2.5), (3, 3) , in fact, we prove tile following result. Since that from (4.7) (interchanging the sums), we obtain the result.
